Recent numerical studies have provided strong evidence for a gapped Z2 quantum spin liquid in the kagome lattice Heisenberg model. A special feature of spin liquids is that symmetries can be fractionalized, and different patterns of fractionalization imply distinct phases. The symmetry fractionalization pattern for the kagome spin liquid remains to be determined. A popular approach to studying spin liquids is to decompose the physical spin into partons which are either bosonic (Schwinger bosons) or fermionic (Abrikosov fermions), which are then treated within mean field theory. A longstanding question has been whether these two approaches are truly distinct or describe the same phase in complementary ways. Here we show that at least four spin liquid phases on the kagome lattice can be described both in terms of bosonic and fermionic partons, unifying pairs of theories that seem rather distinct. The key idea is that for kagome lattice states that admit a Schwinger boson mean field (SBMF) description, the symmetry action on visions is uniquely fixed. The set of four states includes the two most promising candidate states -Sachdev's Q1 = Q2 SBMF state and Lu-Ran-Lee's Z2[0, π]β fermionic parton state -which interestingly are found to be distinct phases. We expect these results to aid in a complete specification of the numerically observed spin liquid phase. We also discuss a set of fermionic parton phases that do not admit a SBMF representation, where spin rotation and kagome lattice symmetries lead to protected edge states .
I. INTRODUCTION
Z 2 spin liquids (SLs) are a class of disordered manyspin states which have a finite energy gap for all bulk excitations. They differ fundamentally from symmetry breaking groundstates such as magnetically ordered phases and valence bond solids, since, in their simplest form, they preserve all the symmetries including spin rotation, time reversal and crystal symmetries. More importantly they possess bulk quasiparticles carrying fractional statistics 1 . For example in the most common Z 2 SL , there are three distinct types of fractionalized bulk excitations [2] [3] [4] [5] [6] [7] : bosonic spinon b with half-integer spin, fermionic spinon f with half-integer spin and bosonic vison v (a vortex excitation of Z 2 gauge theory) with integer spin. They all obey mutual semion statistics 7 : i.e. a bosonic spinon acquires a −1 Berry phase when it adiabatically encircles a fermionic spinon or a vison. These statistical properties are identical to those of excitations in Z 2 gauge theory 8 , hence the name "Z 2 spin liquid".
Recently, interest in Z 2 SLs has been recharged by numerical studies on the spin-1/2 Heisenberg model on kagome [9] [10] [11] lattice, where this state is strongly indicated. lattices in two spatial dimensions. In particular a topological entanglement entropy 12, 13 of γ = log 2 is observed in the ground state. Just like local order parameters are used to describe symmetry breaking phases 14 , here fractional statistics and topological entanglement entropy serve as fingerprints of topological order 15 in Z 2 spin liquids. Analogous results have been reported for the frustrated square lattice, although the correlation lengths in that case are not as small as in the kagome lattice 16, 17 .
Intriguingly, the experimentally studied spin-1/2 kagome materials -such as herbertsmithite 18 -also remain quantum disordered down to the lowest temperature scales studied, well below the exchange energy scales. However, in contrast to the numerical studies, it does not appear to be gapped. It is currently unclear if the gaplessness is an intrinsic feature or a consequence of impurities that are known to be present in these materials. Furthermore the magnetic Hamiltonian of the material may depart from the pure Heisenberg limit. Relating the numerical results to experiments remains an important open question.
Since it preserves all symmetries of the system, is a Z 2 SL fully characterized by its topological order? The answer is no. In fact, the interplay of symmetry and topological order leads to a very rich structure. There are many different Z 2 spin liquids with the same Z 2 topological order and the same symmetry group, but they cannot be continuously connected to each other without breaking the symmetry: they are dubbed "symmetry enriched topological (SET)" phases [19] [20] [21] [22] [23] [24] [25] . In a SET phase the quasiparticles not only have fractional statistics, but can also carry fractional symmetry quantum numbers: different SET phases are characterized by different patterns of symmetry fractionalization 22 . In the literature Z 2 SLs have been constructed in various slave-particle frameworks: the most predominant two beings to fractionalize physical spins into bosonic spinons 2, [26] [27] [28] and fermionic spinons 3, 5, 19, [29] [30] [31] [32] . Both approaches yield variational wavefunctions with good energetics [33] [34] [35] for the kagome lattice model. It was proposed that symmetric Z 2 SLs are classified by the projective symmetry groups 19 (PSGs) of bosonic/fermionic spinons. However it has been a long-time puzzle to understand the relation between different PSGs in bosonicspinon representation (bSR) and fermionic-spinon representations (f SR) 36 . To be specific in the kagome lattice Heisenberg model, in bSR (Schwinger-boson approach) there are 8 In this paper we establish the general connection between different Z 2 SLs in bSR and f SR. We show that Z 2 SLs constructed by projecting bilinear mean-field ansatz in bSR (Schwinger-boson) will never have symmetryprotected gapless edge states. This important observation allows us to determine how visons transform under symmetry in Schwinger-boson Z 2 SLs, and to further relate a Schwinger-boson state to one in f SR. We demonstrate that the spinon PSG is not enough to fully characterize a Z 2 SL: two distinct Z 2 SLs in f SR can have the same PSG for fermionic spinons while only one of them has symmetry-protected gapless edge modes. However, they differ in the transformation properties of visions under symmetry (vison PSG), which provides an interesting link between symmetry implementation and topological edge states. Applying these general principles to Z 2 SLs on kagome lattice, we show that among the 8 different Schwinger-boson (bSR) states, only 4 have their partners in the Abrikosov-fermion (f SR) representation. This correspondence allows us to identify the possible symmetry-breaking phases in proximity to Z 2 SLs on kagome lattice. Moreover these results serve as a useful guide in future studies of Z 2 SLs.
II. SYMMETRY FRACTIONALIZATION IN Z2 SPIN LIQUIDS: GENERAL CONSIDERATIONS
Spinons and visons in a Z 2 SL satisfy the following Abelian fusion rules 7 :
Here 1 stands for local excitations carrying integer spins, and the fractionalized excitations will not pick up any nontrivial Berry phase when they encircle around these local excitations. In other words the bound state of a bosonic spinon and a fermionic spinon is a vison, and the bound state of two bosonic (fermionic) spinons or two visons is a local excitation. The fusion rules (1) have important implications on the symmetry properties of spinons and visons. More precisely, the symmetry quantum numbers of spinons and visons must be compatible with the fusion rules 22 . Take SU (2) spin rotational symmetry 38 for a simple example. Both bosonic (b) and fermionic (f ) spinons carry spin-1/2 each, and vison v is a spin-singlet excitation. According to rules of angular momentum addition, one can immediately see fusion rules (1) are consistent with spin quantum numbers. Now let us apply this principle to other symmetries, i.e. time reversal T and crystal symmetries of kagome lattice ( see FIG. 1 ). Note that in a topologically ordered phase, the fractional excitations (anyons) always couple to emergent gauge fields 6, 39 . A direct consequence is that symmetry transformations on these anyons are not well-defined, in the sense that they are not invariant under gauge transformations. The gauge-invariant "good" symmetry quantum numbers are the Berry phases that anyons pick up through a series of symmetry operations which add up to identity operation. They correspond to different algebraic identities built up by the generators of symmetry group, as summarized in TABLE I for kagome lattice.
In a gapped Z 2 SL phase, these gauge-invariant Berry phases are quantized to be ±1. This is simply because any local excitation, as a bound state of an even number of spinons/visons, can only pick up a trivial (+1) Berry phase after these symmetry operations. These symmetry quantum numbers are termed "projective symmetry group" (PSG) 19 , and two symmetric Z 2 SLs with different PSGs cannot be smoothly connected without breaking symmetry. TABLE I shows the spinon and vison PSGs for Z 2 SLs on kagome lattice constructed in Schwinger-boson (bSR) and Abrikosov-fermion (f SR) approach, which will be discussed in detail later.
The vison PSGs are fully determined by PSGs of bosonic/fermionic spinons due to fusion rule (1). To be (η12, ησ, ησC 6 , ηC 6 , η σT , η C 6 T ) where η = ±1.
Choosing a proper gauge we can always fix T −1
π/3 T1R π/3 = 1 for both spinons and visons. If a Z2 SL in bSR and one in f SR correspond to the same state, their PSGs must satisfy conditions (10) . Meanwhile its vison PSG is completely fixed as shown above.
specific, in most cases the Berry phase e i φv picked up by a vison equals the product of Berry phase e i φ b acquired by a bosonic and e i φ f by a fermionic spinon in the same process. The only exception in TABLE I is (R π/3 ) 6 , during which all particles rotate counterclockwise around a hexagon center by a full circle. Being a bound state of a bosonic and fermionic spinon, a vison would collect an extra −1 Berry phase because the bosonic spinon encircles the fermionic spinon once in this process. In the case of time reversal symmetry T , it is easy to see that T 2 = −1 for spinons and T 2 = +1 for visons according to their spin quantum numbers.
III. SYMMETRY PROTECTED EDGE STATES AND VISON QUANTUM NUMBERS
Previously we discussed why the "good" symmetry quantum numbers for spinons/visons are their PSGs, and how the vison PSGs can be determined once we know PSGs of both bosonic and fermionic spinons. But one important question still remains to be answered: what are the physical manifestations of the vison PSG?
An important measurable property of topological phases are their edge states. Although Z 2 SLs in the absence of symmetries are expected to have gapped edges, the edge may be gapless in the presence of symmetries 24, 41, 42 , or, in the case of discrete symmetries, spontaneously break symmetry at the edge. In particular, the criterion for nontrivial edges of Z 2 SLs with SU (2) spin rotation symmetry will be established below and shown to be particularly simple. The edge modes of a Z 2 SL can always be fermionized 43 with the same number of right (ψ R,a ) and left (ψ L,a ) movers (velocity is set to unity):
where a denotes different branches of left/right movers. One can always add backscattering terms to gap out the edge modes
if they are not forbidden by symmetry. In a different language, the above "mass" terms correspond to condensing either bosonic spinons b or visons v on the edge 44 of a Z 2 SL. Since the spinons carry spin-1/2 each, condensing them will necessarily break spin rotational symmetry on the edge. Therefore the only way to obtain a gapped edge without breaking the symmetry is to condense visons, unless their crystal symmetry quantum numbers (PSGs) will not allow it. The relevant symmetries here are the ones that leave the physical edge unchanged, e.g. at least one translation symmetry among T 1,2 will be broken by the edge. Therefore the existence or absence of symmetry protected edge states is a probe of the vison PSGs.
Take kagome lattice for instance, on a cylinder with open boundaries parallel to T 1 direction (X-edge in FIG. 1), the remaining symmetries are translation T 1 , time reversal T and mirror reflection R 1 ≡ (R π/3 ) 2 R y (R π/3 ) −1 . If there are no symmetry protected edge states, then the remaining symmetries must act trivially on visons:
so no backscattering term is forbidden by symmetry.
Another inequivalent edge is perpendicular to
, time reversal T and mirror reflection R y . Similarly, absence of protected edge modes necessarily implies
e. these symmetries also have trivial actions on visons.
In addition to edge states, symmetry-protected in-gap bound state in crystal defects 45, 46 (such as dislocations and disclinations) is another signature to probe crystal symmetry quantum numbers. Just like gapless edge modes, the existence of defect bound states must require non-trivial vison PSGs of the associated crystal symmetry. In our case of kagome lattice, the crystal defect associated with R π/3 rotation is a disclination, centered on the hexagon with Frank angle Ω = nπ/3, n ∈ Z. Now let us imagine a vison circles around an elementary disclination with Ω = π/3 for six times counterclockwise, and the Berry phase it picks up in this process equals to the vison PSG (R π/3 )
6 . Note that a vison only acquires a trivial (+1) Berry phase when it encircles any number of spinons 6 times. Therefore if (R π/3 ) 6 = −1 for visons, there must be a nontrivial in-gap bound state localized at the Ω = π/3 disclination. And the absence of in-gap bound state inside the disclination dictates
To summarize, if a Z 2 SL does not host any gapless edge states or in-gap defect bound state protected by symmetry, vison PSGs must satisfy conditions (4)- (6) .
Furthermore, for a Mott insulator (with an odd number of spin 1/2 moments per unit cell) like the kagome S=1/2 model, a confined phase with a spin gap must double the unit cell. Therefore the visions PSG under translations must satisfy:
This may be thought of as visons acquiring an extra Berry phase on going around a unit cell with an odd number of spinons. All together this leads to the vison PSGs shown in TABLE I, assuming the absence of gapless edge states or in-gap disclination bound states which are protected by symmetries. The detailed derivations are summarized in Appendix A.
IV. UNIFICATION OF SLAVE-PARTICLE MEAN-FIELD THEORIES ON THE KAGOME LATTICE
In bSR or Schwinger-boson approach 47 , a spin-1/2 on lattice site r is decomposed into two species of bosonic spinons {b r,α |α =↑ / ↓}:
where σ are Pauli matrices. Meanwhile in f SR or Abrikosov-fermion approach 29 spin-1/2 is represented by two flavors of fermionic spinons 32 {f r,α |α =↑ / ↓}
To faithfully reproduce the 2-dimensional Hilbert space for spin-1/2, there is a single-occupancy constraint:
r,α f r,α = 1 on every lattice site ∀ r. The variational wavefunctions are obtained by implementing Gutzwiller projections 48 on spinon meanfield ground state |M F , in order to enforce the singleoccupancy constraint. Here |M F is the ground state of (quadratic) mean-field ansatz for bosonic spinons 27, 28 :
and similarlŷ
for fermionic spinons 3, 19 . Proper on-site chemical potentials guarantee single-occupancy in |M F on average.
The physical properties of a gapped Z 2 SL described by a projected wavefunction can be understood in terms of its mean-field ansatz. Specifically in bSR and f SR of Z 2 SLs, different PSGs for bosonic and fermionic spinons lead to distinct hopping/pairing patterns in mean-field ansatz H To answer this question, we use their vison symmetry quantum numbers (PSGs) to determine the (in)equivalence of the two representations. To be precise, a Schwinger-boson ansatz corresponds to the same phase as an Abrikosov-fermion ansatz if and only if they share the same vison PSG. As mentioned earlier, vison PSGs of a Z 2 SL can be probed by checking whether symmetryprotected edge states or in-gap defect (e.g. disclination) bound states exist or not. One important observation is that none of Z 2 SLs constructed in Schwinger-boson approach supports any gapless edge state or in-gap defect bound state. This can be verified by computing the edge spectrum or defect spectrum in a Schwinger-boson meanfield ansatz. Any gapped Schwinger-boson Z 2 SL ansatz can be tuned continuously to a limit that on-site chemical potential dominates over pairing/hopping terms, where it is clear no in-gap modes exist in edge/defect spectra. Therefore the vison PSGs in any Schwinger-boson ansatz is fully fixed as in TABLE I. Amazingly this result (last column in TABLE I) agrees with vison PSGs derived microscopically from Schwinger-boson ansatz 40 .
As discussed previously fermionic/bosnic spinon and vison PSGs are restricted by fusion rules (1). More concretely vison PSGs always equal the product of bosonic and fermionic spinon PSGs, except for the special case (R π/3 ) 6 on kagome lattice (with an extra −1 phase). Therefore from TABLE I, we can decide the relation between a Schwinger-boson ansatz and an Abrikosovfermion ansatz, if they describes the same gapped Z 2 SL. This leads to the following conditions:
It turns out there are only 4 distinct gaped Z 2 SLs, which can be described by both f SR (Abrikosov-fermion approach) and bSR(Schwinger-boson approach), as summarized in 
V. TWO PROMISING CANDIDATES FOR KAGOME HEISENBERG MODEL
We have noted that there are 20 different Abrikosovfermion (f SR) mean-field states and 8 different Schwinger-boson (bSR) mean-field states of Z 2 spin liquids on the kagome lattice. Here we will argue that we can narrow the number of candidates down to two using the following two criteria (i) energetics, as elaborated below and (ii) the requirement that the phase to be connected to a q = 0 magnetically ordered state via a continuous transition. Finally we will elaborate on why these two must be distinct states.
A. Indentification of two promising candidate states.
Numerical studies on the kagome lattice Heisenberg antiferromagnet supplemented by a 2nd neighbor antiferromagnetic coupling (J 2 ) reveal that 49 on increasing J 2 , the quantum spin liquid phase is initially further stabilized, before undergoing a transition 49 
The Z 2 [0, π]β mean-field state 37 of Abrikosov fermions (f SR), also satisfies the desirable properties above. It can be thought as the s-wave paired superconductor of fermionic spinons near the energetically favorable U (1) Dirac SL 34 . The s-wave pairing opens up a gap at the Dirac point of the underlying U (1) Dirac SL and this implies that the Z 2 [0, π]β state could be energetically competing with the U (1) Dirac SL 37 . Although variational wave functions that include pairing are often found to have higher energy 35 than the underlying U (1) Dirac SL, we note that this is a restricted class of states accessible via the parton construction, and a more complete search may land in the superconducting phase. For our purposes we will be content that it is proximate to the energetically favorable U (1) spin liquid state. One can also describe a continuous transition from this Z 2 SL to the coplanar q = 0 magnetically ordered state, although the argument here is more involved than in the case of the Schwinger boson states. We make this argument 36 in two parts -first by ignoring the effects of the gauge field and recalling 51 a seemingly unrelated transition between an s-wave superconductor and a quantum spin Hall phase of the fermionic partons. The latter spontaneously breaks the SU (2) spin rotation symmetry down to U (1) that defines the direction of the conserved spin component. On including gauge fluctuations we will argue that the quantum spin Hall phase is to be identified with the q = 0 magnetic order.
Starting with the U (1) Dirac spin liquid, the s-wave superconductor representing the Z 2 SL is obtained by including a superconducting 'mass' term that gaps the Dirac dispersion. Similarly, the quantum spin Hall phase is obtained by introducing a distinct 'mass' term that also gaps out the Dirac nodes. There are three such mass terms indexed by the direction of the conserved spin in the quantum spin Hall state. All of these anti-commute with the superconducting mass term, which implies that a continuous transition is possible between these phases 51 . On integrating out the fermions, the coefficients of the mass terms form an O(5) vector of order parameters (real and imaginary parts of the pairing and the three quantum spin Hall mass terms), described by O(5) non-linear sigma model with a Wess-Zumino-Witten (WZW) term 36, [51] [52] [53] [54] . Then the presence of the WZW term implies a continuous phase transition from the superconductor to the quantum spin hall state with a spontaneously chosen orientation. This is most readily seen by noting that skyrmions of the quantum spin Hall director carry charge 2, which when condensed lead to a superconductor with spin rotation symmetry 51 . Now, on including gauge couplings the superconductor is converted into the Z 2 [0, π]β SL state. The quantum spin Hall state is a gapped insulator coupled to a compact U(1) gauge field, which is expected to confine and lead to a conventional ordered state. This is seen to be the non-collinear magnetically ordered phase with the vector chirality at q = 0 (for details see Appendix D). The photon is identified as the additional Goldstone mode that appears since the q = 0 state completely breaks spin rotation symmetry. Thus the Z 2 [0, π]β state is also a natural candidate for a Z 2 SL proximate to the q = 0 magnetically ordered state
B. Distinction between the two promising candidates
Now let us comment on the differences between the two promising candidates: Q 1 = Q 2 states (#16) and Z 2 [0, π]β state (#2) in TABLE II. Since both states can be realized by Schwinger-boson mean-field ansatz, they share the same vison symmetry quantum numbers (or vison PSG) as the last column in TABLE I. However they have different PSGs for bosonic and fermion spinons. In particular on a cylinder with either open X-edge or open Y-edge, the associated reflection symmetry R (which is R y for Y-edge and R 1 ≡ (R π/3 ) 2 R y (R π/3 ) −1 for X-edge) and time reversal T has the following PSG
for both bosonic and fermion spinons in Q 1 = Q 2 state. In contrast, on either edge we have
for both bosonic and fermion spinons in Z 2 [0, π]β state.
VI. FERMIONIC Z2 SPIN LIQUIDS WITH SYMMETRY PROTECTED EDGE STATES
In the Schwinger-boson representation, due to the absence of protected gapless edge states (or in-gap disclination bound states), the vison PSG is completely fixed.
Therefore the PSG of bosonic spinons (b) fully determines a symmetric Z 2 SL phase in Schwinger-boson approach. In other words, two Schwinger-boson mean-field ansatz correspond to the same Z 2 SL phase if and only if they share the same bosonic-spinon PSG.
However this is not true in the Abrikosov-fermion representation: i.e. two distinct Z 2 SL phases can share the same fermionic-spinon PSG in their Abrikosov-fermion mean-field ansatz. This is essentially because the band topology [55] [56] [57] in an Abrikosov-fermion mean-field ansatz, which determines the vison PSG of a Z 2 SL, is not captured by the fermionic-spinon PSG. In particular, certain fermionic-spinon PSGs allow for a nontrivial band topology: this is manifested by the symmetry protected edge states in a reflection-symmetric topological superconductor of Abrikosov-fermions. 
2 R y (R π/3 ) −1 } and SU (2) spin rotations. It's straightforward to see that
for all Abrikosov-fermion states. Since translational symmetry T 1 also commutes with spin rotations, it can be disentangled from other symmetries. As discussed in Appendix C, one can futher show that translational symmetry T 1 won't give rise to any nontrivial topological index. Focusing on time reversal T , mirror reflection R 1 (and SU (2) spin rotations which commute with both T and R 1 ), we have
for Abrikosov fermions f . As proven in Appendix C, only when
will there be a nontrivial integer index Z for topological superconductors. As summarized in TABLE III, there are 6 fermionic-spinon PSGs (#7 ∼ #12) that can support such a topological superconductor.
B. Reflection protected Y-edge states
On a cylinder with open Y-edge the symmetry group is generated by {T, T y ≡ T 
# η12 ησ η σT ησC 6 η C 6 T ηC 6 Label Perturbatively gapped?
X-edge Y-edge (p1, p2, p3) for all Abrikosov-fermion states and we can disentangle translation T y from other symmetries. With reflection R y and time reversal T on Y-edge we have
Similarly a nontrivial integer index Z can only happen when
It turns out that only 6 fermionic-spinon PSGs (#3, #4, #9, #10, #19, #20) in TABLE III can support topological superconductors with protected gapless modes on Y-edge.
C. An example and effective field theory
As one example, in the root state (ν = 1) which generates the integer (ν ∈ Z) topological index, the low-energy edge excitations are described by 2 pairs of counterpropagating fermion modes (see Appendix C for derivations) (19) where the velocity is normalized as unity. The fermion modes transform under symmetries (time reversal T , reflection R and spin rotations) in the following way:
where we use index α = R/L and τ matrices for chirality (right/left movers), index a =↑ / ↓ and σ matrices for spin. It's straightforward to see that T R = RT and R 2 = −1. There are two kinds of backscattering terms between right and left movers, which preserve SU (2) spin Among them, imaginary pairing is forbidden by time reversal T , while hopping and real pairing are both forbidden by mirror reflection R.
Such a gapped Z 2 SL with symmetry protected edge states is described by a multi-component Chern-Simons theory
The associated edge excitations are encoded by chiral boson fields {φ I |1 ≤ I ≤ 4} with effective theory: 
where the sign s g = +1 for a unitary symmetry (such as mirror reflection R and spin rotations) and s g = −1 for an anti-unitary symmetry (such as time reversal T ).
In our case of a Z 2 SL with symmetry protected edge states, for spin rotation
For Ising symmetry S x ≡ i σ x i (spin rotation by angle π alongx-axis) we have
For anti-unitary time reversal symmetry T
For mirror reflection symmetry R we have
Notice that under either time reversal T or mirror reflection R, the K matrix changes sign i.e.
The two pairs of fermionic modes are given in terms of chiral bosons as
up to Klein factors. The spin rotational symmetric backscattering terms between right and left movers are given by
where C 1 , C 2 are constants. As discussed earlier they are forbidden by time reversal and mirror reflection symmetries.
VII. CONCLUSION AND OUTLOOK
In this work we systematically establish a connection between two different representations of Z 2 SLs, i.e. Schwinger-boson representation (bSR) and Abrikosov-fermion representation (f SR). In the presence of a symmetry group, projective symmetry groups (PSGs) are symmetry quantum numbers of the quasiparticle excitations in a Z 2 SL. We show that the vison symmetry quantum numbers can be detected by existence/absence of gapless edge modes and in-gap bound states localized at crystal defect in Z 2 SLs. Observing that there are no symmetry-protected edge modes or defect bound states in any Schwinger-boson state, and utilizing the relation between bosonic/fermionic spinon PSGs and vison PSGs, a correspondence between Schwinger-boson states and Abrikosov-fermion states is fully achieved. Applying this general framework to kagome lattice Z 2 SLs, we found that out of 20 distinct Abrikoso-fermion (f SR) states, only 4 have their counterparts in Schwinger-boson representation (bSR).
There are also 4 Schwinger-boson states which cannot be realized by a mean-field ansatz in f SR. We believe this is due to limitations of Abrikosov-fermion representation, in other words these 4 states may be realized in a more general representation to construct Z 2 SLs out of fermionic spinons. Note, we have implicitly assumed that the topological order of Z 2 SLs is the same as that of the deconfined Z 2 gauge theory, based on the measured topological entanglement entropy of γ = log 2. However, a distinct topological order, the double semion theory 60, 61 , which is a twisted version of the Z 2 gauge theory, also yields the same γ. While there is no direct evidence to support such a twisted Z 2 theory (in contrast to the energetic arguments for Z 2 spin liquids), it would be interesting in future to investigate candidate states.
With this connection in hand, we can potentially have a full understanding of the possible proximate phases and quantum phase transitions out of a Z 2 SL. It is wellknown that the Schwinger-boson approach allows one to identify quantum phase transitions (QPT) into neighboring magnetic-ordered phases from a Z 2 SL, though condensation of bosonic spinons 27 . Meanwhile, knowing the vison PSGs one can study possible QPTs between paramagnetic valence-bond-solid (VBS) phases and Z 2 SLs. On the other hand, in f SR it's straightforward to track down gapless phases connected to a Z 2 SL through a phase transition, as well as proximate superconducting ground states upon doping a quantum SL 62 . Therefore the identification between f SR and bSR can lead to a full phase diagram around a gapped Z 2 SL.
The correspondence obtained here also serves as important guidance towards a complete specification of the Z 2 spin liquid on the kagome lattice. If one of the two promising states we identified is indeed the ground state, then that provides a clear target for future studies to look for "smoking gun" signatures of these two states. Finally, we point out that similar studies can be applied to Z 2 SLs on the square lattice 16, 17 , which we leave for future work. In this section we explicitly show how to determine the vison PSGs in the last column of TABLE I. First of all we can always choose a proper gauge by multiplying a proper ±1 sign to symmetry actions T 1,2 , so that
In other words both the 2nd and 3rd rows of TABLE I are +1. Meanwhile as discussed in the end of section III, we have
for visons in a spin-1/2 Z 2 SL on kagome lattice. The absence of symmetry protected edge states along X-edge leads to conditions (4) . In particular we have
and
At the same time, conditions (5) come from the absence of protected edge states along Y-edge. Therefore we have
These conditions fix all the vison PSGs except for (R π/3 ) 6 and T −1 2 T −1 T 2 T . The latter one is easily determined as
by the absence of protected edge states in a cylinder whose edges are parallel to the direction of translation T 2 . As discussed in section III, (R π/3 ) 6 = 1 is determined by the absence of protected mid-gap states in a disclination. 
where the matrices {O φ (g)} are given by 
which agree with the last column of TABLE I.
Appendix C: Two-dimensional TRI singlet superconductors (Class CI) with mirror reflection symmetry
In this section we discuss possible symmetry-protected edge states of a time-reversal-invariant (TRI) singlet superconductor with mirror reflection symmetry in two dimensions. In a cylinder geometry, the symmetry group is generated by translation T e along the open edge (or cylinder circumference), mirror reflection R, time reversal T and SU (2) spin rotations. Without loss of generality, let's assume that SU (2) spin rotations commute with all other symmetries {T, T e , R}. We further assume that translation T e acts as
for fermions.
Classification
Since translation T e has trivial commutation relation with other symmetry operations, it can be disentangled from the full symmetry group. Are there any gapless edge states protected by translation symmetry? This corresponds to "weak index"
63 of 2d topological superconductors in class CI (with time reversal and SU (2) spin rotations), which is nothing but 1d topological index of the same symmetry class. Class CI has trivial classification (0) in 1d, therefore we don't have translationprotected edge states. Due to absence of 2d topological index in class CI, any protected edge states must come from mirror reflection symmetry R. The classification of mirror reflection protected topological insulators/superconductors is resolved in Ref. 64 and 65 in the framework of K-theory 66 . The classification of noninteracting topological phases of fermions in class CI with mirror reflection R depends on the commutation relation
with time reversal T . When s 1 = s 2 = +1, the K-theory classification is given by π 0 (R 6 ) = 0, i.e. no topological superconductors with protected edge states. When s 1 = s 2 = −1, the classification is π 0 (C 5 ) = 0 i.e. no topological superconductors. When s 1 = +1, s 2 = −1 the classification is π 0 (R 5 ) 2 = 0 2 = 0 i.e. no topological superconductors. Only when
the classification is given by π 0 (R 4 ) = Z and there are topological superconductors with an integer index (Z).
Minimal Dirac model and protected edge states
Here we construct a Dirac model for the root state (ν = 1) of topological superconductors with integer index ν ∈ Z and mirror reflection R satisfying m(λ)dλ |µ x ρ y τ y = +1 . Therefore ρ y = µ x τ y for the protected gapless edge modes, localized on the edge between the root topological superconductor and the vacuum. The Hamiltonian for the protected edge states is given by
Apparently there are 4 gapless modes: 2 right movers and 2 left movers. It's straightforward to simplify such edge states to the form in section VI C.
the symmetry-broken phase, including the compact U (1) gauge field a µ , is
In the symmetry-broken phase, the O(3) vector order parameterV develops a finite expectation value, and we assume V = (0, 0, 1) without losing generality (other direction of V can be generated by the spin rotations).
With the expectation valueV , it is not difficult to see that the spin-up fermions and the spin-down fermions have an energy gap |m| at the Dirac points with the opposite sign, and the mass gap consequently generates the "spin Hall effect" for the fermions. The quantum spin Hall effect has an important implication 73 on the fate of the compact gauge field a µ : it ties the gauge fluctuation to the spin fluctuation, and thus the Goldstone mode (∼ spin fluctuation) of the spin ordered phase becomes a photon (∼ gauge fluctuation) of a µ . This implies that the gauge field a µ is in the Coulomb phase and the photon of a µ is free to propagate. Hence there are three Goldstone modes in the magnetically ordered phase, one photon mode from the non-compact U (1) guage field a µ and two Goldstone modes from the ordering of the O(3) vectorV . Meanwhile accompanying the proliferation of a µ photons, fermionic spinons will be confined 74 due to instanton effect of 2+1-D U (1) gauge theory. Therefore indeed it is a non-collinear magnetic ordered phase with three Goldstone modes, which does not support fractionalized excitations. Upon integrating out the massive Dirac fermion, we obtain the effective theory 36, 52 for the fluctuatingV in the presence of the gauge field a µ
where J µ skyr is the skyrmion current ofV , e.g. J 0 skyr ∝ V · (∂ xV × ∂ yV ) is the skyrmion density ofV . From the coupling between J µ skyr and a µ , it is clear that the skyrmion carries the charge-2 of the gauge field a µ . Hence, condensing the skyrmion ofV breaks U (1) gauge group down to Z 2 and the skyrmion can be thought as the pairing ∼ ψ † ψ † of the fermionic spinons ψ in (D2). As the condensation of the skyrmion would destroy the ordering inV and induce the pairing between the fermionic spinons, we will enter the Z 2 spin liquid phase next to the symmetry-broken phase, i.e. Z 2 [0, π]β state.
Thus we have established that the magnetically ordered phase next to the Z 2 [0, π]β state is a non-collinear magnetically ordered phase with the non-zero vector chirality at q = 0. Given that the q = 0 magnetically ordered state is also a non-collinear magnetically ordered phase with the non-zero vector chirality at q = 0, the Z 2 [0, π]β state is a natural candidate for the Z 2 fSL proximate to the q = 0 magnetically ordered state.
